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A Rigidity Theorem for Anosov Geodesic Flows
in Manifolds of Finite Volume
I´talo Melo and Sergio Roman˜a
Abstract. In this paper we prove that if the geodesic flow of a complete manifold
without conjugate points with sectional curvatures bounded below by −c2 is of Anosov
type, then the constant of contraction of the flow is ≥ e−c. Moreover, if M has finite
volume, the equality holds if and only if the sectional curvature is constant. We also prove
a certain rigidity for the bi-Ho¨lder and bi-Lipschitz conjugation between two Anosov
geodesic flows.
1. Introduction and main of results
Geodesic flows appear naturally when we have a Riemannian metric on a complete ma-
nifold. Its properties are closely linked with the geometry of the Riemannian metric.
The first to realize that geodesic flows linked to metrics of negative curvature are chaotic
was Anosov in the paper [1]. These geodesic flows are called uniformly hyperbolic systems
or simply Anosov systems. Anosov’s paper [1] has opened a race to know what kind of
geometries involve the Anosov property. This started since the Anosov flows, in addition to
being chaotic, also have other important properties like ergodic stability, mixing and decay
of correlations, among other properties.
In [8], Eberlein determined geometric conditions that are equivalent to the Anosov pro-
perty of the geodesic flow when M is compact or compactly homogeneous i.e., the isometry
group of its universal cover acts co-compactly. More specifically, the Eberlein’s conditions
give us information related to the divergence of Jacobi fields or over all geodesics passing
through points of negative sectional curvature. In [4], Bolton observed that the condition
of compactly homogeneous of Eberlein at [8] is unnecessary.
In the opposite direction, we can ask the following question: What geometric properties
provide the Anosov geodesic flows?
A satisfactory answer for this question was given by Klingenberg, who proved that a
compact Riemannian manifold with geodesic flow of Anosov type has no conjugate points
(cf. [18]). This result was generalized by Man˜e´ in [19] where he proved thatM is a complete
Riemannian manifold of finite volume whose geodesic flow preserves a continuous Lagrangian
subbundle then M has no conjugate points. In particular, in the case of Anosov geodesic
flow, the manifold has no conjugate points, since its stable and unstable subbundles are La-
grangian and invariant (cf. [19]). In the case of infinite volume, this is still an open problem.
The results by Klingenberg at [18] and Man˜e´ at [19], show that geometric properties
are indeed consequence of dynamical properties. In the same spirit, in this paper we will to
show some results which give us an important relation between the geometry and dynamic
of the geodesic flow. Moreover, we will obtain that a dynamical rigidity implies geometric
rigidity.
To announce our results, we started with the precisely definition of Anosov geodesic
flow:
Let M be a complete Riemannian manifold and SM the unitary tangent bundle. Let
φt : SM → SM be the geodesic flow, and suppose that φt is Anosov, this means that
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T (SM) has a splitting T (SM) = Es ⊕ 〈G〉 ⊕ Eu such that
dφtθ(E
s(θ)) = Es(φt(θ)),
dφtθ(E
u(θ)) = Eu(φt(θ)),
||dφtθ
∣∣
Es
|| ≤ Cλt,
||dφ−tθ
∣∣
Eu
|| ≤ Cλt,
for all t ≥ 0 with C > 0 and 0 < λ < 1, where the constant λ is called the constant of
contraction of the flow and G is the geodesic vector field. Our first result is:
Theorem 1.1. Let M be a complete Riemannian manifold with finite volume and sec-
tional curvature bounded below by −c2. If the geodesic flow is Anosov with constant of
contraction λ, then λ ≥ e−c.
Moreover, the equality holds if and only if the sectional curvature of M is constant equal
to −c2.
The first part of the Theorem implies that for Anosov geodesic flows, the dynamic is
controlled, to some, extent by the curvature. The second part is more general: it says that
rigidity in the dynamical sense provides rigidity in the geometrical sense. We emphasize
that our result does not require the compactness of the manifold.
It is worth noting that the first part of Theorem 1.1 actually follows from part of Man˜e’s
proof of the Corollary of Theorem A at [19]. However, the Man˜e’s proof does not provide
any information concerning to rigidity.
The rigidity of Theorem 1.1 in the compact case, can be proven using the Pesin’s formula
and some techniques of [9], but it is worth noting that in general the Pesin’s formula is not
valid in non-compact manifolds, see [24], so as some theorems in [9]. As we are interested
in the non-compact case, our proof does not use the Pesin’s formula.
In the proof of first part of Theorem 1.1, the hypothesis of finite volume is required only
to ensure the non-existence of conjugate points (see [19]). Therefore, when the volume is
infinite and without conjugate points, the first part of this theorem is also valid, see Lemma
3.1.
Another important result presented in this paper concerns of the regularity of conjuga-
tion of two Anosov geodesic flows.
We say that the two flows ϕt : N → N and ηt : S → S are equivalents if there is a map
f : N → S such that f ◦ ϕt = ηt ◦ f . The function f is called an equivalence. Equivalences
between two systems are very important in dynamical systems. All relevant information
about one system is transferred to another one by the equivalences.
When an equivalence is a homeomorphism it is call the conjugation. Note that conju-
gation imposed restriction on N and S.
An equivalence (conjugation) f is called α-equivalence (α-conjugation) if there are two
constants C1 and C2 with the property
(1.1) C1 · d(x, y)α ≤ D(f(x), f(y)) ≤ C2 · d(x, y)α,
where d and D are the distances in N and S respectively.
Note that 1-equivalent are actually bi-Lipschitz equivalences. Thus, our second result
is the following:
Theorem 1.2. LetM , N be two complete Riemannian manifolds such that the sectional
curvatures KM ≥ −
( c
α
)2
and −a2 ≥ KN ≥ −b2 with 0 < c ≤ a. Denoted by φtM and φtN
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the geodesic flows of N and M . Assume that M has finite volume and φtM is Anosov. Then,
if φtM and φ
t
N are α-equivalent, we have that KM ≡ −
( c
α
)2
and c = a.
It is important to note that in the Theorem 1.2 the compactness of M and N is not
required. But, when M is compact the Theorem 1.2 has an important consequence. Before
announcing the first corollary let us recall the definition of immersion. We say that map
f : N → S is an immersion if for all x ∈ N it holds that
Dfx(v) = 0 if and only if v = 0.
Corollary 1.3. Let M be a compact manifold and N a complete manifold. Assume
that KM ≥ −c2 ≥ −a2 ≥ KN ≥ −b2 and the geodesic flow φtM is Anosov. Then, if φtM and
φtN are C
1-equivalent by a C1-immersion f of SM into SN , then a = c and KM ≡ −c2.
The above result imposes a certain rigidity for regular conjugations of two Anosov
geodesic flows.
It is important to note that the only condition about the dimension is dimM ≤ dimN ,
since f is an immersion. Therefore, if dimM = dimN , then f is a C1-diffeomorphism and
N should be compact. In particular, we have the following corollary:
Corollary 1.4. Let M , N be two compact manifold with the same dimension. Assume
that KM ≥ −c2 ≥ −a2 ≥ KN ≥ −b2 and the geodesic flow φtM is Anosov. If f is a
1-conjugation between φtM and φ
t
N , then a = c and KM ≡ −c2 ≡ KN .
This corollary implies, in particular, that two compact manifolds with the same dimen-
sion (with Anosov geodesic flow) and some relation in their curvatures, never have their
respective geodesic flows be C1-conjugated, not even bi-Lipschitz.
The latter results are in the direction of recent research related to the smoothness
of conjugations for geodesic flows in compact manifold. Matters related to rigidity on
conjugations of geodesic flows have been and are being much studied recently. Let us cite
some related articles. The first is an article by three authors, Gallot, Besson and Courtois
(see [3]), which among other things, prove that for compact manifolds, if the geodetic flow
of a locally symmetric metric and negative curvature is C1-conjugated to geodesic flow
of another metric, then the metrics are isometric (see also [2] for another results about
regularity of conjugation). Also Pollicott (see [23]) has proved that conjugations of geodesic
flow of compact surfaces of negative curvature are in fact C∞-conjugations. Feres and
Katok (see [12]), proved that when the horospheric foliation is smooth and the curvature is
negative, then this flow is C1-conjugated to geodesic flow of a manifold of constant negative
curvature. To finalize our references, there is a result of C. Connell (see [7]) which assumes a
relation of curvatures between two compact manifold with one of manifold locally symmetric,
then he shows that Lipschitz semi-conjugations between their geodesic flows leave the other
manifold also locally symmetric. In other words, in the locally symmetrical context and
curvature relationship, we have rigidity.
In Section 4, we will prove the Corollary 1.3 and Corollary 1.4. At the end of the same
Section, we will announce a more general version, where conjugation does not necessarily
preserve time and the equivalence has bounded distortion (see Remark 4.3, Corollary 4.5
and Corollary 4.6).
Theorem 1.1. In fact, the proof is hidden in the proof of Corollary of the Theorem A of
his famous article [19]. Also, it is important to note that equality in the Man˜e’s proof does
not say anything about rigidity. It is worth noting also that we give a proof of the first part
of the theorem totally different to the proof of Man˜e, where equality gives some information
about a rigidity.
4 I´TALO MELO AND SERGIO ROMAN˜A
We conclude this introduction by showing the relationships of the techniques developed
in this work with the scenario of Lyapunov exponents.
In [6], Butler studied a rigidity results about Lyapunov exponents for geodesic flows on
a compact negatively curved manifold. He proved that if each periodic orbit of the geodesic
flow has exactly the same Lyapunov exponent over the unstable bundle, then the manifold
has constant negative sectional curvature. Since the geodesic flow on compact manifold
of negative curvature is of the Anosov type, then by Butler’s result we can think in the
following:
Conjecture 1: Let M be a complete Riemannian manifold with finite volume, Anosov
geodesic flow and dense periodic orbits. If the unstable Lyapunov exponents are constants
over all periodic orbits, then M has constant negative sectional curvature.
The proof presented by Butler for the case of negative curvature strongly uses the regularity
of the bundles Es and Eu, to be able to use classical techniques of Lyapunov exponents,
as for example the principle of invariance of Avila-Viana, see introduction of [6] for more
details. Unlike the case of geodesic flows in negative curvature, the general Anosov geodesic
flows do not have the bundles Es and Eu regular. For this reason, we believe that the
techniques developed by Butler may not be the most appropriate techniques to deal with
Conjecture 1.
The proof of Theorem 1.1, will show that the Conjecture 1 is a consequence (at least
for some control of the sectional curvature) of Conjecture 2 below (see Corollary 3.6).
Conjecture 2: Let M be a complete Riemannian manifold with finite volume, sectional
curvature bounded below by −c2 (the infimum), Anosov geodesic flow and dense periodic
orbits. If the unstable Lyapunov exponents are constant on the set of periodic orbits, and
equal to a, then a = c.
The proof of Theorem 1.1 will be carried out in two steps. In the first phase, we
prove the inequality between contraction and exponential, assuming only that has no con-
jugate points, see Subsection 3.1. In the second phase, we will prove that the Lyapunov
exponents are constants for every points and finally, using geometric arguments associated
to geodesic flows in manifold without conjugate points, we will conclude that the curvature
is constant.
2. Notation and Preliminaries
Throughout this paper, M = (M, g) will denote a complete Riemannian manifold with-
out boundary of dimension n ≥ 2, TM its tangent bundle, SM its unit tangent bundle. The
mapping π : TM → M will denote the canonical projection and µ the Liouville measure of
SM (see [21]). SM .
2.1. Geodesic flow. Let θ = (p, v) be a point of SM and let γθ(t) be the unique geo-
desic with initial conditions γθ(0) = p and γ
′
θ(0) = v. For a given t ∈ R, let
φt : SM → SM be the diffeomorphism given by φt(θ) = (γθ(t), γ′θ(t)). Recall that this
family is a flow (called the geodesic flow) in the sense that φt+s = φt ◦ φs for all t, s ∈ R.
Let V := ker Dπ be the vertical sub-bundle of T (TM) (tangent bundle of TM).
Let α : TTM → TM be the Levi-Civita connection map of M . Let H := kerα
be the horizontal sub-bundle. Recall that, α is defined as follow: Let ξ ∈ TθTM and
z : (−ǫ, ǫ) → TM be a curve adapted to ξ, i.e., z(0) = θ and z′(0) = ξ, where
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z(t) = (α(t), Z(t)), then
αθ(ξ) = ∇ ∂
∂ t
Z(t)|t=0.
For each θ, the maps dθπ|H(θ) : H(θ) → TpM and Kθ|V (θ) : V (θ) → TpM are linear
isomorphisms. Furthermore, TθTM = H(θ)⊕V (θ) and the map jθ : TθTM → TpM ×TpM
given by
jθ(ξ) = (Dθπ(ξ),Kθ(ξ))
is a linear isomorphism.
Using the decomposition TθTM = H(θ)⊕ V (θ), we can identify a vector in ξ ∈ TθTM
with the pair of vectors in TpM , (Dθπ(ξ),Kθ(ξ)) and define in a natural way a Riemannian
metric on TM that makesH(θ) and V (θ) orthogonal. This metric is called the Sasaki metric
and is given by
gSθ (ξ, η) = 〈Dθπ(ξ), Dθπ(η)〉 + 〈Kθ(ξ),Kθ(η)〉.
From now on, we consider the Sasaki metric restricted to the unit tangent bundle SM .
It is easy to prove that the geodesic flow preserves the volume measure generate by this
Riemannian metric in SM . Furthermore, this volume measure in SM coincides with the
Liouville measure m up to a constant. When M has finite volume the Liouville measure is
finite.
Consider the one-form β in SM defined for θ = (p, v) by
βθ(ξ) = g
S
θ (ξ,G(θ)) = 〈Dθπ(ξ), v〉p.
Observe that ker βθ ⊃ V (θ) ∩ TθSM . It is possible prove that a vector ξ ∈ TθTM lies in
TθSM with θ = (p, v) if and only if 〈αθ(ξ), v〉 = 0. Furthermore, β is a contact form invariant
by the geodesic flow whose Reeb vector field is the geodesic vector field G. Furthermore,
the sub-bundle S = kerβ is the orthogonal complement of the subspace spanned by G.
Since β is invariant by the geodesic flow, then the sub-bundle S is invariant by φt, i.e.,
φt(S(θ)) = S(φt(θ)) for all θ ∈ SM and for all t ∈ R.
To understand the behavior of dφt let us introduce the definition of Jacobi field. A
vector field J along of a geodesic γθ is called the Jacobi field if it satisfies the equation
(2.1) J ′′ +R(γ′θ, J)γ
′
θ = 0,
where R is the Riemann curvature tensor of M and “ ′ ” denotes the covariant derivative
along γθ. Note that, for ξ = (w1, w2) ∈ TθSM , (the horizontal and vertical decomposition)
with w1, w2 ∈ TpM and 〈v, w2〉 = 0, it is known that dφtθ(ξ) = (Jξ(t), J ′ξ(t)), where Jξ
denotes the unique Jacobi vector field along γθ such that Jξ(0) = w1 and J
′
ξ(0) = w2. For
more details see [21].
2.2. No conjugate points and Ricatti equation. Suppose p and q are points on a
Riemannian manifold, and γ is a geodesic that connects p and q. Then p and q are conjugate
points along γ if there exists a non-zero Jacobi field along γ that vanishes at p and q. When
neither two points in M are conjugated, we say the manifold M has no conjugate points.
The more classical example of manifolds without conjugate points, are the manifolds of
non-positive curvature. It is possible to construct a manifold having positive curvature in
somewhere, and without conjugate points. There are many examples of manifold without
conjugate points.
Now suppose that M has no conjugate points and its sectional curvatures are bounded
below by −c2. In this case, if the geodesic flow φt : SM → SM is Anosov, then in [4],
Bolton showed that there exists a positive constant δ such that for all θ ∈ SM , the angle
between Es(θ) and Eu(θ) is greater than δ. Furthermore, if J is a perpendicular Jacobi
vector field along γθ such that J(0) = 0 then there exists A > 0 and s0 ∈ R such that
‖ J(t) ‖≥ A ‖ J(s) ‖ for t ≥ s ≥ s0. Therefore, for ξ ∈ Es(θ) and η ∈ Eu(θ) since
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‖ Jξ(t) ‖→ 0 as t → +∞ and ‖ Jη(t) ‖→ 0 as t → −∞ follows that Jξ(0) 6= 0 and
Jη(0) 6= 0. In particular, Es(θ) ∩ V (θ) = {0} and Eu(θ) ∩ V (θ) = {0} for all θ ∈ SM .
For θ = (p, v) ∈ SM , we denote by N(θ) := {w ∈ TxM : 〈w, v〉 = 0}. By the
identification of the Subsection 2.1 we can write
S(θ) := kerβ = N(θ) × N(θ), V (θ) ∩ S(θ) = {0} × N(θ) and H(θ) ∩ S(θ) = {0} × N(θ).
Thus, if E ⊂ S(θ) is a subspace, dimE = n − 1, and E ∩ (V (θ) ∩ S(θ)) = {0} then
E ∩ (H(θ) ∩ S(θ))⊥ = {0}. Hence, there exists a unique linear map
T : H(θ) ∩ S(θ) → V (θ) ∩ S(θ) such that E is the graph of T . In other words, there exists
a unique linear map T : N(θ) → N(θ) such that E = {(v, T v) : v ∈ N(θ)}. Furthermore,
the linear map T is symmetric if and only if E is Lagrangian (see [21]).
It is known that if the geodesic flow is Anosov, then for each θ ∈ SM , the sub-bundles
Es(θ) andEu(θ) are Lagrangian and Es(θ)⊕Eu(θ) = S(θ). Therefore, for each t ∈ R, we can
write dφt(Es(θ)) = Es(φt(θ)) = graphUs(t) and dφ
t(Eu(θ)) = Eu(φt(θ)) = graphUu(t),
where Us(t) : N(φ
t(θ)) → N(φt(θ)) and Uu(t) : N(φt(θ))→ N(φt(θ)) are symmetric maps.
Now we describe a useful method of L. Green (cf. [10]), to see what properties the maps
Us(t) and Uu(t) satisfies.
Let γθ be a geodesic, and consider V1, . . . , Vn a system of parallel orthonormal vector
fields along γθ with Vn(t) = γ
′
θ(t). If Z(t) is a perpendicular vector field along γθ(t), we can
write
Z(t) =
n−1∑
i=1
yi(t)Vi(t).
Note that Z(s) can be identified with the curve α(s) = (y1(s), . . . , yn−1(s)) and Z
′(s) can
be identified with the curve α′(s) = (y′1(s), . . . , y
′
n−1(s)). Conversely, any curve in R
n−1 can
be identified with a perpendicular vector field on γθ(t), so we can identify N(φ
t(θ)) with
R
n−1 and consider the maps associated to stable and unstable subbundles defined in Rn−1.
Now for each t ∈ R, consider the symmetric matrix R(t) = (Ri,j(t)), where
1 ≤ i, j ≤ n − 1, Ri,j = 〈R(γ′θ(t), Vi(t))γ′θ(t), Vj(t))〉 and R is the curvature tensor of
M . The family of operators Us(t) : R
n−1 → Rn−1 and Uu(t) : Rn−1 → Rn−1 satisfies the
Ricatti equation
U ′(t) + U2(t) +R(t) = 0,(2.2)
see [21].
Now consider the (n− 1)× (n− 1) matrix Jacobi equation
(2.3) Y ′′(t) +R(t)Y (t) = 0.
If Y (t) is solution of (2.3) then for each x ∈ Rn−1, the curve β(t) = Y (t)x corresponds
to a Jacobi perpendicular vector on γθ(t). For θ ∈ SM , s ∈ R, we consider Yθ,s(t) be the
unique solution of (2.3) satisfying Yθ,s(0) = I and Yθ,s(s) = 0. In [10], Green proves that
lim
s→−∞
Yθ,s(t) exists for all θ ∈ SM (see also [8, Sect. 2]). He also shows that if we define:
Y +θ (t) = lims→−∞
Yθ,s(t)
we obtain a solution of Jacobi equation (2.3) such that det Y +θ (t) 6= 0. Moreover, it is proved
in [10] (see also [9] and [8]) that
DY +θ
Dt
(t) = lim
s→−∞
DYθ,s
Dt
(t). However, if
Us(θ) =
DYθ,s
Dt
(0); U+(θ) =
DY +θ
Dt
(0),
then
U+(θ) = lim
s→−∞
Us(θ)
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Can be proven easily that (see [9])
U+(φt(θ)) =
DY +θ
Dt
(t)Y +θ
−1
(t)
for every t ∈ R. It follows that U+ is a symmetric solution of the Ricatti equation
U ′(t) + U2(t) +R(t) = 0.(2.4)
As we are assuming that the curvature ofM is bounded below by −c2 from Lemma 2 of [10]
we get that U+ is bounded by the constant c. When the geodesic flow is Anosov, Uu = U
+.
3. Proof of Theorem 1.1
In this section, we divide present several lemmas that we use to obtain Theorem 1.1.
Recall that any manifold of finite volume with Anosov geodesic flow has no conjugate points
(cf. [19]). Therefore, we can put this condition on hypothesis of the below lemma. The
following lemma prove the first part of Theorem 1.1.
Lemma 3.1. Let M be a complete manifold with curvature bounded below by −c2 with-
out conjugate points and whose geodesic flow is Anosov. If the constant of contraction of
the geodesic flow is λ then λ ≥ e−c.
Proof. Let γθ be a fixed geodesic, ξ ∈ Es(θ) \ {0} and η ∈ Eu(θ) \ {0}. We can write
dφtθ(ξ) = (Js(t), J
′
s(t)) and dφ
t
θ(η) = (Ju(t), J
′
u(t)) for all t ∈ R, where Js and Ju are Jacobi
vector fields. From Subsection 2.2 it follows that Js(t) 6= 0 and Ju(t) 6= 0 for all t ∈ R.
Consider the real function r : R→ (0,∞) defined by
r(t) =
λ−t||Js(t)||
λt||Ju(t)|| .
From the Anosov geodesic flow definition, we state that ||Js(t)|| ≤ ||dφt(θ)(ξ)|| ≤ Cλt||ξ||
and
||Ju(t)|| ≥ Cλ
−t||η||√
1 +
||J ′u(t)||2
||Ju(t)||2
.
Hence,
λ−t||Js(t)||
λt||Ju(t)|| ≤
√
1 +
||J ′u(t)||2
||Ju(t)||2 · ||ξ||
||η|| .
For each t ∈ R there exists symmetric maps Us(t) : N(φt(θ)) → N(φt(θ)) and
Uu(t) : N(φt(θ)) → N(φt(θ)) such that Es(φt(θ)) = graphUs(t), Eu(φt(θ)) = graphUu(t),
and satisfies ||Us(t)|| ≤ c, ||Uu(t)|| ≤ c. Observe that J ′u(t) = Uu(t)Ju(t) thus
(3.1) r(t) ≤
√
1 + c2||ξ||/||η||.
In other words, the function r(t) is bounded.
On the other hand,
r′(t) =
−2 logλ||Js(t)||
λ2t||Ju(t)|| +
〈J ′s(t), Js(t)〉
λ2t||Js(t)|| · ||Ju(t)|| −
||Js(t)||〈J ′u(t), Ju(t)〉
λ2t||Ju(t)||3
= r(t)
(
− 2 logλ+ 〈J
′
s(t), Js(t)〉
〈Js(t), Js(t)〉 −
〈J ′u(t), Ju(t)〉
〈Ju(t), Ju(t)〉
)
.(3.2)
Also,
8 I´TALO MELO AND SERGIO ROMAN˜A
∣∣∣ 〈J ′s(t), Js(t)〉〈Js(t), Js(t)〉 − 〈J
′
u(t), Ju(t)〉
〈Ju(t), Ju(t)〉
∣∣∣ ≤ |〈Us(t)Js(t), Js(t)〉|||Js(t)||2 + |〈U
u(t)Ju(t), Ju(t)〉|
||Ju(t)||2
≤ ||Us(t)||+ ||Uu(t)||
≤ 2c.(3.3)
Suppose that λ < e−c. Hence, −2 logλ > 2c and there exists δ > 0 such that
−2(logλ − c) > δ > 0. This implies that r′(t) ≥ δ · r(t) thus log r(t) − log r(0) ≥ δ · t.
In particular, the function r is unbounded but this is a contradiction with the inequality
(3.1). This concludes the proof.

3.1. Rigidity and Lyapunov exponents. In this subsection, we shall prove that
map U+(θ) (from Subsection 2.2) has all information about of Lyapunov exponents. In
fact, the following Lemma was proved by Freire and Man˜e ([9, Theorem II]) in compact
manifold without conjugate points. Here we do the proof in non-compact case for Anosov
geodesic flows.
Lemma 3.2. Let M be a complete manifold with curvature bounded below by −c2 with-
out conjugate points and whose geodesic flow is Anosov. Then
lim
t→+∞
1
t
log | det dφt|Eu(θ)| = lim
t→+∞
1
t
∫ t
0
tr(U+(φs(θ))) ds
holds for every θ ∈ SM .
Proof. For each θ = (p, v) ∈ SM , we denote by N(θ) the subspace of TpM orthogonal
to v. Then by construction, for all x ∈ N(θ) the Jacobi field Y +θ (t)x is a unstable Jacobi
field. Thus, it follows that U+(θ) satisfies that
Eu(θ) = graphU+(θ) = {(x, U+(θ)x) : x ∈ N(θ)}.
Let πθ : E
u(θ)→ N(θ) the projection in the first coordinate. Then
π−1θ (v) = (v, U
+(θ)v).
Therefore
(3.4) sup
θ∈SM
||π−1θ || ≤
√
1 + c2.
Moreover, for (v, w) ∈ Eu(θ)
π−1
φt(θ) ◦ Y +θ (t) ◦ πθ(v, w) = π−1φt(θ)(Y +θ (t)v)
= (Y +θ (t)v, U
+(φt(θ))Y +θ (t)v)
=
(
Y +θ (t)v,
DY +θ
Dt
(t)v
)
= dφt(v, w).
In other words,
(3.5) dφt|Eu
θ
= π−1
φt(θ) ◦ Y +θ (t) ◦ πθ.
Thus, by the equation (3.5)
lim
t→+∞
1
t
log | det dφt|Eu(θ)| = lim
t→+∞
1
t
log | det π−1
φt(θ)|+ limt→+∞
1
t
log | detY +θ (t)|
+ lim
t→+∞
1
t
log | detπθ|.(3.6)
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From Linear Algebra we know
(3.7)
1
(| detA−1|) 1m ≤ ||A|| ≤
||A−1||m−1
| detA−1| ,
where A is a linear map over the same vector space of dimension m.
As dimEu(θ) = n − 1, using the equation (3.7) and the inequalities
||πθ|| ≤ 1, 1 ≤ ||π−1θ || ≤
√
1 + c2 for all θ, we concluded that
1 ≤ ||π−1
φt(θ)|| ≤ ||πφt(θ)||n−2| detπ−1φt(θ)| ≤ | detπ−1φt(θ)|
and
| detπ−1
φt(θ)|1−
1
n−1 ≤ ||π−1
φt(θ)||n−2 ≤ (1 + c2)
n−2
2 ,
that is,
(3.8) 1 ≤ | detπ−1
φt(θ)| ≤ (1 + c2)
n−1
2 .
Therefore, the equations (3.6) and (3.8) provides us with
(3.9) lim
t→+∞
1
t
log | det dφt|Eu(θ)| = lim
t→+∞
1
t
log | detY +θ (t)|.
Since det Y +θ (t) 6= 0, then is easy to prove that
d
dt
detY +θ (t) = detY
+
θ (t) tr
(
DY +θ (t)
Dt
Y +θ
−1
(t)
)
.
Thus by equation (3.9)
lim
t→+∞
1
t
log | det dφt|Eu(θ)| = lim
t→+∞
1
t
∫ t
0
tr
(
DY +θ (s)
Ds
Y +θ
−1
(s)
)
ds
= lim
t→+∞
1
t
∫ t
0
tr
(
U+(φs(θ)
)
ds.(3.10)

The following Lemma shows the rigidity of Lyapunov exponent.
Lemma 3.3 (Rigidity of Lyapunov Exponent). In the same conditions of Theorem 1.1.
If λ = e−c, then
(3.11) lim
t→+∞
1
t
log ||dφtθ(ξ)|| = −c and lim
t→+∞
1
t
log ||dφtθ(η)|| = c
for all θ ∈ SM , ξ ∈ Es(θ) and η ∈ Eu(θ).
Proof. Under the notation of proof of Lemma 3.1, more specifically the equation (3.2)
we have that
r′(t) = r(t)
(
− 2 logλ+ 〈J
′
s(t), Js(t)〉
〈Js(t), Js(t)〉 −
〈J ′u(t), Ju(t)〉
〈Ju(t), Ju(t)〉
)
= r(t)
(
2c+
〈J ′s(t), Js(t)〉
〈Js(t), Js(t)〉 −
〈J ′u(t), Ju(t)〉
〈Ju(t), Ju(t)〉
)
.(3.12)
Now, the equation (3.3) implies that∣∣∣ 〈J ′s(t), Js(t)〉〈Js(t), Js(t)〉 − 〈J
′
u(t), Ju(t)〉
〈Ju(t), Ju(t)〉
∣∣∣ ≤ 2c.
Therefore, the equation (3.12) gives us that r′(t) ≥ 0, so that, as r(t) is a bounded
function (see equation (3.1)), it should be that lim
t→+∞
r(t) exists. Integrating equation (3.12)
it holds that
log r(t)− log r(0) = 2ct+ log ||Js(t)|| − log ||Js(0)|| − log ||Ju(t)||+ log ||Ju(0)||
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Thus,
(3.13) lim
t→+∞
1
t
(log ||Ju(t)|| − log ||Js(t)||) = 2c,
If ξ = (Js(0), J
′
s(0)) and η = (Ju(0), J
′
u(0)), then by Anosov definition
(3.14) log ||Js(t)|| ≤ logC + t logλ+ log ||ξ||
and
(3.15) log
(
||Ju(t)||
√
1 +
||J ′u(t)||2
||Ju(t)||2
)
= log ||dφt(η)|| ≥ logC − t logλ+ log ||η||,
for all t ≥ 0.
Claim: There is not a sequence tn → +∞ such that
lim
n→+∞
1
tn
log ||Js(tn)|| = −∞.
Proof of Claim: In fact, since
||J′u(t)||
||Ju(t)||
≤ c, then the equation (3.15) implies that
1
t
log ||Ju(t)|| ≥ 1
t
(
logC + log ||η|| − log
√
1 + c2
)
− log λ.
Suppose that
lim
n→+∞
1
tn
log ||Js(tn)|| = −∞.
Therefore,
lim
n→+∞
1
tn
(log ||Ju(tn)|| − log ||Js(tn)||) = +∞,
which is a contradiction with (3.13) and this concluded the proof of Claim.
The previous Claim implies that for all t ≥ 0 the function t 7−→ 1
t
log ||Js(t)|| is bounded
and then, by equation (3.13) the function t 7−→ 1
t
log ||Ju(t)|| is also bounded.
Taking a sequence tn such that lim
n→+∞
1
tn
log ||Js(tn)|| = as, then passing to a sub-sequence,
if necessary, we can assume that lim
n→+∞
1
tn
log ||Ju(tn)|| = au. So, the equation (3.13) gives
us that
(3.16) au − as = 2c.
On the other hand, the equations (3.14) and (3.15) implies that
(3.17) au ≥ − logλ = c and as ≤ logλ = −c.
By this two last equations, we concluded that
au = c and as = −c.
This finishes the proof. We see that
lim
t→+∞
1
t
log ||dφtθ(ξ)|| = lim
t→+∞
1
t
log ||Js(t)|| = as = −c,
and
lim
t→+∞
1
t
log ||dφtθ(η)|| = lim
t→+∞
1
t
log ||Ju(t)|| = au = c.

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Corollary 3.4. If λ = e−c, then
lim
t→+∞
1
t
log | det dφtθ|Es(θ)| = −c · dimEs(θ) = −c(n− 1),
and
lim
t→+∞
1
t
log | det dφtθ|Eu(θ)| = c · dimEu(θ) = c(n− 1).
Proof. By Lemma 3.3, we have lim
t→+∞
1
t
log ||dφtθ(η)|| = c for all θ ∈ SM and
η ∈ Eu(θ), then it is to easy to see that
lim
t→+∞
1
t
log | det dφtθ|Eu(θ)| = c · dimEu(θ) = c(n− 1).
For Es(θ) is analogue. 
To conclude this section, we prove the following Lemma:
Lemma 3.5 (Rigidity). In the same conditions of Theorem 1.1,
λ = e−c if and only if the sectional curvature of the manifold M is constant equal to −c2.
Proof. Note that if K = −c2, then the classical proof that the geodesic flow is Anosov
implies that λ = e−c. So our task is to prove the other side. In fact: From Lemma 3.2 and
Corollary 3.4, we have that
lim
t→+∞
1
t
∫ t
0
tr(U+(φs(θ))) ds = lim
t→+∞
1
t
log | det dφt|Eu(θ)| = c(n− 1),
for all θ ∈ SM .
Since U+(φs(θ)) is symmetric then is easy to see that
(tr(U+(φs(θ))))2 ≤ (n− 1)tr((U+(φs(θ))2)
Since the sectional curvature satisfies K ≥ −c2, then taking trace and integrating of 0 to t
the Ricatti equation (2.4), we have by the Cauchy-Schwarz inequality that
1
t
∫ t
0
tr(U+(φs(θ)))ds ≤
√
1
t
∫ t
0
(tr(U+(φs(θ))))2ds
≤
√
n− 1
t
∫ t
0
tr((U+(φs(θ)))2)ds
=
√
−n− 1
t
(∫ t
0
tr((U+)′(φs(θ)))ds +
∫ t
0
tr(R(s))ds)
)
=
√
−n− 1
t
(tr((U+)(φs(θ))) − tr((U+)(θ))) − (n− 1)
2
t
∫ t
0
Ric(φs(θ)))ds
≤
√
−n− 1
t
(tr((U+)(φs(θ))) − tr((U+)(θ))) + (n− 1)2c2.(3.18)
Hence, since ||U+(φt(θ))|| ≤ c, we have lim
t→+∞
−n− 1
t
(
tr((U+)(φs(θ))) − tr((U+)(θ))) = 0.
Thus, taking limit as t→ +∞ in equation (3.18), we conclude that
(3.19) lim
t→+∞
1
t
∫ t
0
Ric(φs(θ)))ds = −c2.
To conclude our argument, let us use the Birkhoff Ergodic theorem. First, we note that as
K ≥ −c2, then the negative part of the Ricci curvature is integrable on SM . Thus by a
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result in Guimara˜es [11], we have that the Ricci curvature is integrable on SM . Therefore,
as M has finite volume. Then the Birkhoff ergodic theorem and equation (3.19) give us∫
SM
Ric(θ)dσ = −c2.
Since, the sectional curvature satisfies K ≥ −c2, then the previous equation implies that
Ric(θ) ≡ −c2. Thus, we conclude that
K ≡ −c2.

As an immediate consequence of the Lemma 3.5 we have:
Corollary 3.6. [Conjecture 1 implies Conjecture 2] Let M be a complete Riemannian
manifold with finite volume, sectional curvature bounded below by−c2, and Anosov geodesic
flow. If the unstable Lyapunov exponents are constants equal to c, over all periodic orbits,
then M has constant negative sectional curvature equal to −c2.
4. Rigidity of Conjugation
The main purpose of this section is to prove the Theorem 1.2 and its corollaries. The
strategy of the proof of Theorem 1.2 is to leave the constant of contraction of φtM equal to
the constant of contraction of φtN and then apply the Theorem 1.1. For this, we need to
prove some Lemmas.
Lemma 4.1. Let (S, g) be a Riemannian manifold and d its Riemannian distance. If
α(t) is a C1-curve on S, then
(4.1) lim
t→0+
d(α(t), α(0))
t
= ||α′(0)||g
Proof. As the exponential map expα(0) defines a diffeomorphism in a neighborhood of
0 ∈ Tα(0)S on a neighborhood of α(0) with D
(
expα(0)
)
0
= Id. Then, for a small t we have
that
d(α(t), α(0))) =
∥∥∥exp−1α(0)(α(t))∥∥∥
g
.
Thus,
lim
t→0+
d(α(t), α(0))
t
=
∥∥∥ d
dt
∣∣∣
t=0
exp−1
α(0)α(t)
∥∥∥
g
=
∥∥∥D (exp−1α(0))
β(0)︸ ︷︷ ︸
Id
(α′(0))
∥∥∥
g
=
∥∥∥α′(0)∥∥∥
g
.

For the second Lemma, we consider N to be a complete manifold whose geodesic flow
is Anosov. For each θ ∈ SN , we denote by W s(u)loc (θ) the local stable (unstable) manifold
and W
s(u)
η (θ) the local stable (unstable) of size η. By the stable and unstable manifold
theorem, for η small this manifold are embedded in SN (see [16] for more details), then it
is a Riemannian manifold with the restrict metric.
The next lemma concerns how the distance in W
s(u)
η (θ) and the distance in SN are
related. This will be an important tool to prove Theorem 1.2.
Lemma 4.2. For each θ ∈ SN there is δ(θ) such that
(4.2) ds(θ, θ˜) ≤ 3
2
d(θ, θ˜) for all θ˜ ∈ Bsδ(θ)(θ),
where ds is the distance in W sη (θ) and B
s
δ(θ)(θ) the ball of center θ and radius δ(θ) in W
s
η (θ).
An analogous result holds for the unstable manifold Wuη (θ).
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Proof. We shall prove only the stable case. The unstable case follows analogously.
Consider for each θ ∈ SN the exponential map expsθ of W sη (θ) and fix r > 0 such that expsθ
in Br = {v ∈ Es(θ) : ||v|| ≤ 2r} is a diffeomorphism on the image. Now, consider the real
function Hθ : [0, r]× Es1(θ)→ R defined by
Hθ(t, v) :=
ds(expsθ tv, θ)
d(expsθ tv, θ)
,
if t 6= 0 and Hθ(0, v) = 1, where Es1(θ) = {v ∈ Es(θ) : ||v|| = 1}.
It is easy to see that this function is continuous for all (t, v) with t 6= 0. We claim thatHθ
is continuous in (0, v). In fact, let v ∈ Es1(θ) and consider the C1-curve
α(t) = expsθ tv ⊂W sη (θ) ⊂ SN , then by Lemma 4.1 we have that
lim
t→0+
Hθ(t, v) = lim
t→0+
ds(expsθ tv, θ)
t
d(expsθ tv, θ)
t
=
lim
t→0+
ds(α(t), α(0))
t
lim
t→0+
d(α(t), α(0))
t
=
||α′(0)||s
||α′(0)|| = 1,
since ||α′(0)||s is the norm with restrict metric of W sη (θ) ⊂ SN which is equal to ||α′(0)||.
Assume that the sequence (tn, vn) converges to (0, v) when n → ∞. We would like that
lim
n→+∞
Hθ(tn, vn) = Hθ(0, v) = 1. As Hθ(0, vn) = 1, then we can assume, without loss of
generality, that tn 6= 0.
Let M = sup
v∈Br
||D (expsθ)v|| and consider the family, for n large, of C1-curves γn(t) =
expsθ(tnv + ttn(vn − v)) and note that
d(expsθ tnv, exp
s
θ tnvn) ≤ ds(expsθ tnv, expsθ tnvn) ≤
∫ 1
0
||γ′(s)|| ds ≤Mtn||vn − v||.
Hence, if tn 6= 0, for n large,
d(expsθ tnvn, θ) ≥ d(expsθ tnv, θ)−Mtn||vn − v|| = tn
(
(Hθ(tn, v))
−1 −M ||vn − v||
)
> 0,
since lim
n→+∞
Hθ(tn, v) = 1. In particular, we have
1 ≤ Hθ(tn, vn) = tn
d(expsθ tnvn, θ)
=
1
(Hθ(tn, v))−1 −M ||vn − v|| .
Therefore. lim
n→+∞
Hθ(tn, vn) = 1 as desired.
To conclude the proof of the lemma, observe that the continuity of Hθ in the compact
set [0, r]× Es1(θ) implies uniform continuity. Therefore, given ǫ = 12 there is δ(θ) such that
|t| = ||(t, v)− (0, v)|| < δ(θ) implies |Hθ(t, v)− 1| < 1
2
.
The last inequality implies that
(4.3) |t| < δ(θ) implies ds(expsθ tv, θ) ≤
3
2
d(expθ tv, θ).
As a conclusion, if θ˜ ∈ Bs
δ(θ)(θ), then there is t˜ with |t˜| < δ(θ), v ∈ Es1(θ) such that
expsθ t˜v = θ˜. Therefore, equation (4.3) provides the result of lemma.

Proof of Theorem 1.2. We assume that f : SM → SN is a α-conjugation between
φtM and φ
t
N with constant C1 and C2 (see (1.1)). Without loss of generality, we denote by d
the metric of SM and SN . It is easy to see that for each θ ∈ SM ,
f(W s(u)(θ)) ⊂ W s(u)(f(θ)), where W s(u))(θ) is the stable and unstable manifold associ-
ated to θ. Note that by the condition of curvature of N , we have that φtN is Anosov and a
constant of contraction of φtN is e
−a, (see, [16]).
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Claim 1: Fix θ ∈ SM and take θ˜ ∈ W sloc(θ) such that f(θ˜) ∈ W sδ(f(θ))(f(θ)), with
δ(f(θ)) is given by the Lemma 4.2. Then there is a constant CM such that
(4.4) d(φtM (θ), φ
t
M (θ˜)) ≤ CMe−
a
α
td(θ, θ˜).
Proof of Claim. Using the equation (1.1) and the definition of α-conjugation, we
have that
C1d((φ
t
M (θ), (φ
t
M (θ˜))
α ≤ d(f(φtM (θ)), f(φtM (θ˜))) = d(φtN (f(θ)), φtN (f(θ˜)))
≤ CNλtNds(f(θ), f(θ˜)) ≤
3
2
CNλ
t
Nd(f(θ), f(θ˜))
≤ 3
2
C2CNλ
t
Nd(θ, θ˜)
α.
The last inequalities implies the inequality (4.4). Since λN = e
−a and CM =
(
3C2CN
2C1
) 1
α
.
Similarly, it holds for θ˜ ∈ Wuloc(θ) that
(4.5) d(φ−tM (θ), φ
−t
M (θ˜)) ≤ CMe−
a
α
td(θ, θ˜).

The equations (4.4) and (4.5) implies that
Claim 2: For each ξ ∈ Es and η ∈ Eu, we have that
||dφtM (ξ)|| ≤ CMe−
a
α
t||ξ|| and ||dφtM (η)|| ≤ CMe−
a
α
t||η||.
proof of claim. Let us prove the stable case, the unstable case follows analogously.
We consider a vector ξ ∈ Es(θ). Let β(r) ⊂ W sloc(θ) a C1-curve β(0) = θ and β′(0) = ξ
such that f(β(r)) ⊂ W s
δ(f(θ))(θ), where δ(f(θ)) given by Lemma 4.2. Then, from Lemma
4.1, we have
(4.6) lim
r→0+
d(φtM (β(r)), φ
t
M (β(0)))
r
=
∥∥∥d(φtM )θ(ξ)∥∥∥
and
(4.7) lim
r→0+
d(β(r), β(0))
r
= ||β′(0)|| = ||ξ||.
Thus, equations (4.4), (4.6) and (4.7) imply that∥∥∥d(φtM )θ(ξ)∥∥∥ ≤ CMe− aα t lim
r→0+
d(β(r), β(0))
r
= CMe
− a
α
t||ξ||.

Claim 2 allows us to conclude that the constant of contraction of the Anosov geodesic
flow φtM can be taken as λ = e
− a
α . However, as KM ≥ −( cα )2, then the Theorem 1.1 implies
that e−
c
α ≤ λ = e− aα ≤ e− cα since 0 < c ≤ a. Therefore, we can conclude that a = c and
λ = e−
c
α and, again by Theorem 1.1, we have KM ≡ −
( c
α
)2
as desired. 
In the sequel we prove the Corollary 1.3. The strategy here is to show that for a
C1-conjugation the immersions are in fact 1-conjugation, at least for the compact case.
Proof of Corollary 1.3. Let f : SM → SN be a C1-equivalence. We define
|Dfθ|∗ = inf
v∈TθSM\{0}
|Dfθ(v)|
|v| . Hence,
inf
θ∈SM
|Dfθ|∗d(θ, θ˜) ≤ d(f(θ), f(θ˜)) ≤ sup
θ∈SM
|Dfθ| · d(θ, θ˜).
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Since M is compact, we have that sup
θ∈SM
|Dfθ| < ∞. Moreover, if f is an immersion, then
inf
θ∈SM
|Dfθ|∗ > 0. We conclude that, f is a 1-equivalence. Thus, Theorem 1.2 allows to
conclude that KM ≡ −c2 and a = b as sought. 
Remark 4.3. Note that, ifM is not compact and f has bounded distortion, this implies
that
0 <
sup
θ∈SM
|Dfθ|
inf
θ∈SM
|Dfθ|∗ <∞,
then Corollary 1.3 holds.
Before proving Corollary 1.4, let us prove the following lemma, which is a classic result,
and states that the Lypaunov exponents in the unstable direction are constant along the
stable foliation. (see [5]).
We denote by φt the geodesic flow of N , which is Anosov by the pinched condition in
the curvature of N .
We define the unstable (stable) Lyapunov Exponent as
χu(θ) = lim
t→+∞
1
t
log ||dφt|Eu
θ
|| and χs(θ) = lim
t→+∞
1
t
log ||dφt|Es
θ
||
whenever this limit exists.
As in Corollary 1.4, manifold N is compact. Then, by Oseledets result (cf. [20]), which
states that the unstable and stable Lyapunov exponent exists Liouville almost every points.
Lemma 4.4. For any θ˜ ∈ W s(θ) we have that χu(θ) = χu(θ˜), where
W s(θ) :=
{
θ˜ : lim
t→+∞
d(φt(θ), φt(θ˜)) = 0
}
. Similar results for the stable Lyapunov expo-
nents are obtained.
Proof. Define the following function on SN by
ϕu(θ) :=
d
ds
log ||dφs|Eu
θ
||
∣∣∣
s=0
,
which depends continuously on θ because the bundle Euθ is continuous, since φ
t is Anosov.
It is easy to see that
χu(θ) = lim
t→+∞
1
t
log ||dφt|Eu
θ
|| = lim
t→+∞
1
t
∫ t
0
ϕu(φs(θ))ds.
Therefore, if θ˜ ∈ W s(θ), then lim
t→+∞
d(φt(θ), φt(θ˜)) = 0, thus the continuity of ϕu allows us
to conclude the proof of the Lemma. 
Proof of Corollary 1.4. By Theorem 1.2, we have that a = c and KM ≡ −c2. Thus,
we need to simply prove that b = c.
Let f be a 1-conjugation. By definition, we have that
C1 · d(φtM (x), φtM (y)) ≤ d(f(φtM (x)), f(φtM (y))) ≤ C2 · d(φtM (x), φtM (y)).
Hence,
(4.8) C1 · d(φtM (x), φtM (y)) ≤ d(φtN (f(x)), φtN (f(y))) ≤ C2 · d(φtM (x), φtM (y)).
As f is a Lipschitz map, then it is differentiable Liouville almost every point θ ∈ SM . So,
we consider θ ∈ SM , such that f is differentiable in θ. Let ξ ∈ Euθ be and β(r) ⊂ SM a
C1-curve, such that β(0) = θ and β′(0) = ξ. From Lemma 4.1, we have
lim
h→0
d(φtM (β(h), ), φ
t
M (β(0))
h
= ||d(φtM )θ(ξ)||
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and
lim
h→0
d(φtN (f(β(h)), ), φ
t
N (f(β(0)))
h
= ||d(φtN )f(θ)(dfθξ)||.
Therefore, the last two equalities, equation (4.8) and the definition of 1-conjugation implies
that
C1 · ||d(φtM )θ(ξ)|| ≤ ||d(φtN )f(θ)(dfθ(ξ))|| ≤ C2 · ||d(φtM )θ(ξ)||.
As dfθ is a isomorphism and dfθ(E
u(θ)) = Eu
f(θ), we have that
C1
C2
· ||dφtM |Euθ || ≤ ||dφtN |Euf(θ) || ≤
C2
C1
· ||dφtM |Euθ ||.
Thus, since KM ≡ −c2, then
c = χu(θ) = lim
t→+∞
1
t
log ||dφtM |Euθ || = limt→+∞
1
t
log ||dφtN |Euf(θ) || = χu(f(θ)).
The we conclude that, for each ω ∈ SN , such that f is differentiable in f−1(ω), we have
(4.9) χu(ω) = c.
The next step is to prove that if ω ∈ SN and f is not differentiable in f−1(ω), then the
equation (4.9) is also valid.
Indeed, consider ω in the above condition. Since W s(f−1(ω)) is at least a C1 submani-
fold of SM (cf. [16]), we can consider the C1-curve, α(r) ⊂W s(f−1(ω)). Then, f(α(r)) is
a Lipschitz function and, therefore, is differentiable for almost every parameter r. If we fix
r, such that f is differentiable in α(r), then
χu(f(α(r))) = c.
Finally, note that f(α(r)) ∈W s(ω), then Lemma 4.4 implies that
χu(ω) = χu(f(α(r))) = c,
as desired.
We can conclude that, for every ω ∈ SN , we have that
χu(ω) = c.
Then, Theorem 1.1 in [6] implies that KN ≡ −c2. 
To conclude this section, we prove a more general version of Corollary 1.3 and Corollary
1.4 when equivalences does not necessarily preserve time.
Sometimes there may be flows that are equivalent in orbits, but the conjugation does
not preserve the speed in the orbits. More precisely, we have the following definition:
We say the two flows ϕt : N → N and ηt : S → S are equivalents in orbits if there is a map
f : N → S and real function h : R→ R such that f ◦ϕt = ηh(t) ◦ f . The function f is called
an equivalence in orbits and h(t) a reparametrization. When an equivalence in orbits is a
homeomorphism it is call the conjugation in orbits.
An equivalence in orbits (conjugation in orbits) is called α-equivalence in orbits (α-
conjugation in orbits) if satisfies the equation (1.1).
Corollary 4.5. Let M be a manifold of finite volume and N a complete manifold.
Assume that KM ≥ −c2 ≥ −a2 ≥ KN and the geodesic flows φtM and φtN are Anosov.
Then, if φtM and φ
t
N are C
1-equivalents in orbits by an immersion f : SM → SN of bounded
distortion and a reparametrization h(t) odd satisfying h(t) ≥ t, for t ≥ 0, then a = c and
KM ≡ −c2.
A RIGIDITY THEOREM FOR ANOSOV GEODESIC FLOWS IN MANIFOLD FINITE VOLUME 17
Proof. By definition f ◦ φtM = φh(t)N ◦ f . Thus for ξ ∈ Esθ
||dfφt
M
(θ)(dφ
t
M (ξ)))|| = ||dφh(t)N (df(ξ))|| ≤ CNe−ah(t)||df(ξ)||.
As f has bounded distortion, then f is a 1-equivalence in orbits and h(t) ≥ t, we have that
there is a constant C1 such that
||dφtM (ξ)|| ≤ C1e−at||ξ||.
Analogously, as h is odd, we also have
||dφtM (η)|| ≤ C1e−at||η||
for all η ∈ Euθ .
Therefore, the constant of contraction of φtM can be taken as λ = e
−a, so the The-
orem 1.1 implies that e−a = λ ≥ e−c ≥ e−a, that is, a = c and again by Theorem 1.1
KM ≡ −c2. 
Corollary 4.6. Let M , N be two compact manifold of the same dimension. Assume
that KM ≥ −c2 ≥ −a2 ≥ KN ≥ −b2 and that the geodesic flow φtM is Anosov. If f is a
1-conjugation in orbits between φtM and φ
t
N with reparametrization h(t) ≥ t for t ≥ 0 and
odd, then a = c and KM ≡ −c2 ≡ KN .
Proof. The proof of this corollary follow the same lines of Corollary 4.5 and Corollary
1.4, since φtN is Anosov. 
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